CERN-PH-TH/2009-150 
DFPD-09/TH/16 



5d/4d U-dualities and Af=8 black holes 



Anna Ceresole a , Sergio Ferrara b,c and Alessandra Gnecchi c 



a INFN, Sezione di Torino & Dipartimento di Fisica Teorica 
Universita di Torino, Via Pietro Giuria 1, 10125 Torino, Italy 

b Theory Division - CERN, 
CH 1211, Geneva 23, Switzerland 

c INFN - LNF, 
Via Enrico Fermi 40, 1-00044 Frascati, Italy 

d Dipartimento di Fisica "Galileo Galilei" & INFN, Sezione di Padova 
Universita di Padova, Via Marzolo 8, 35131 Padova, Italy 



ABSTRACT 



We use the connection between the U-duality groups in d = 5 and d = 4 to derive 
properties of the M = 8 black hole potential and its critical points (attractors). This 
approach allows to study and compare the supersymmetry features of different solutions. 
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1 Introduction 

The M = 8 supergravity theory in d — 4 [lj and d — 5 [2] dimensions is a remarkable 
theory which unifies the gravitational fields with other lower spin particles in a rather 
unique way, due to the high constraints of local M = 8 supersymmetry, the maximal one 
realized in a 4d Lagrangian field theory. These theories, particularly in four dimensions, 
are supposed to enjoy exceptional ultraviolet properties. For this reason, 4d supergravity 
has been advocated not only as the simplest quantum field theory [3] but also as a 
potential candidate for a finite theory of quantum gravity, even without its completion 
into a larger theory [2]. Maximal supergravity in highest dimensions has a large number 
of classical solutions [5J which may survive at the quantum level. Among them, there are 
black p-branes of several types[6] and interestingly, 4d black holes of different nature. 

On the other hand, theories with lower supersymmetries (such as M = 2) emerging 
from Calabi-Yau compactifications of M-theory or superstring theory, admit extremal 
black hole solutions that have been the subject of intense study, because of their wide 
range of classical and quantum aspects. For asymptotically flat, stationary and spherically 
symmetric extremal black holes, the attractor behaviour [5] has played an important 
role not only in determining universal features of fields flows toward the horizon, but also 
to explore dynamical properties such as wall crossing j9] and split attractor flows[10j, the 
connections with string topological partition functions [11 J and relations with microstates 
counting[12j . Therefore, it has become natural to study the properties of extremal black 
holes not only in the context of M = 2, but also in theories with higher supersymmetries, 
up to M = 8 p3]- [22]. 
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In M = 8 supergravity, in the Einsteinian approximation, there is a nice relation 
between the classification of large black holes which undergo the attractor flow and charge 
orbits which classify, in a duality invariant manner, the properties of the dyonic vector of 
electric and magnetic charges Q = (p A , q A ) (A = 0, 27 in d = 4) [221 121] ■ The attractor 
points are given by extrema of the 4c? black hole potential, which is given by [TBI E] 

V BE = \z AB Z* AB = (Q,V AB ) (Q,V AB ) , (1.1) 
where the central charge is the antisymmetric matrix (A, B = 1, 8) 

Zab = (Q, V AB ) = Q T n V AB = f A AB q A - h AAB p A , (1.2) 
the symplectic sections are 

Vab = {f AB ,h AAB ) , (1.3) 

and Q is the symplectic invariant metric. 

An important role is played by the Cartan quartic invariant /4[251 EE] in that it only 
depends on Q and not on the asymptotic values of the 70 scalar fields ip. This means 
that if we construct I4 as a combination of quartic powers of the central charge matrix 
Zab^iVi^p) [26], the ip dependence drops out from the final expression 

^-h{Z AB ) = . (1.4) 

Analogue (cubic) invariants I3 exist for black holes and/or (black) strings in d = 5[8| [23] . 
These are given by 

hip 1 ) = j l d IJK p I p J p K , (1.5) 
h{qi) = ^d IJK qi qjq K , (1.6) 

where dux, d IJK are the (27) 3 Ee(e) invariants. Consequently, the d = 4 E 7 ( 7 ) quartic 
invariant takes the form 



h(Q) = -(Ao+pV) 2 + 4 



n TM , _ r,_A , dl 3 (q)dl 3 (p) 



-P"h(q) + qohip) + 



dqi dp 1 



(1.7) 



On the other hand, in terms of the central charge matrices Z^tp, q) (in d = 5 this 
is the 27 representation of USp(8)) and Z AB ((j),p,q) (in d = 4 this is the 28 of SU(S)), 
their expression is 



I 3 (q) = Z ab tt bc ZM dq Z qp W a , z ab n ab = , (U 

1 

4 



h(p,q) = \ [ATr(ZZ^ZZ^) - {TrZtf) 2 + 32Re(P/ Z AB )\ , (1.9) 
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where ZZ^ = ZabZ cb , Q ab is the 5c? symplectic invariant metric, and the Pfaffian of the 
central charge is [T] 

Pf(Z AB ) = -^-^e ABCDEFGH Z ab Z C dZefZgh ■ (1-10) 

In fact, these are simply the (totally symmetric) invariants which characterize the 27 
dimensional representation of #6(6) an d the 56 dimensional representation of £7(7), which 
are the ^/-duality [27] symmetries of Af = 8 supergravity in d = 5 and d = 4, respectively. 

When charges are chosen such that J4 and J3 are not vanishing, one has large black 
holes and in the extremal case the attractor behaviour may occur. However, while at d = 5 
there is a unique (—BPS) attractor orbit with 7 3 7^ 0, associated to the space[2] 



= fssa , (i.n; 

^4(4) 



at d = 4 two orbits emerge, the BPS one 

CI, ,./,■/>> (1.12) 

and the non BPS one with different stabilizer 



#7(7) 

#6(2) 



C<i=4,non-BPS — • (1.13) 

^6(6) 

Such orbits have further ramifications in theories with lower supersymmetry , but it is 
the aim of this paper to confine our attention to the Af = 8 theory. 

In this paper, extending a previous result for Af = 2 theories [2H], we elucidate the 
connection between these configurations and we relate the critical points of the Af = 8 
black hole potential of the 5d and 4c? theories. To achieve this goal we use a formula- 
tion of 4c? supergravity in a #6(6) duality covariant basis [30], which is appropriate to 
discuss a Ad/bd correspondence. This is not the same as the Cremmer- Julia [1] or de Wit- 
Nicolai[3T] manifest SO (8) (and SL(8, R)) covariant formulation, but it is rather related 
to the Sezgin-Van Nieuwenhuizen 5d/4d dimensional reduction [32]. These two formula- 
tions are related to one another by dualizing several of the vector fields and therefore 
they interchange electric and magnetic charges of some of the 28 vector fields of the final 
theory. The precise relation between these theories was recently discussed in [53] . 

The paper is organized as follows. In sec. |2] we rewrite the 4c? black hole potential 
in terms of central charges. This is essential in order to discuss the supersymmetry 
properties of the solutions. In fact, in the specific solutions we consider in sec. [3] and HI 
BPS and non-BPS critical points are simply obtained by some charges sign flip. This will 
manifest in completely different symmetry properties of the central charge matrix, in the 
normal frame, at the fixed point. These properties reflect the different character of the 
BPS and non BPS charge orbits. 
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The solutions of the critical point equations are particularly simple in the "axion free" 
case, discussed in sec. |3]and|U which only occur for some chosen charge configurations. 
In sec. Owe derive critical point equations that are completely general and that may be 
used to study any solution. 

The formula for the M = 8 potential given in sec. [5] was obtained in an earlier work 
|33j . and it is identical to the M = 2 case [29]. The only difference relies in the kinetic 
matrix a/j which, in M = 2 is given by real special geometry while in M = 8 is given 
in terms of the £e(6) coset representatives [32, 16J. However, in the normal frame, when 
we suitably restrict to two moduli, this matrix does indeed become an A^ = 2 matrix, 
although the interpretation in terms of central charges is completely different. 

The supersymmetry properties of the solutions in the M = 8 and M = 2 theories are 
compared in subsection 14.41 We will see that in the M = 2 interpretation, depending on 
the sign of the charges, both a BPS and a non-BPS branch exist in d — 5 while two non 
BPS branches exist in the d = 4 theory. In M = 8, the occurrence of one less branch 
in both dimensions is due to the fact that the central and matter charges of the M = 2 
theory are all embedded in the central charge matrix of the M = 8 theory. The higher 
number of attractive orbits can also be explained by the different form of the relevant 
non compact groups and their stabilizers for the moduli space of solutions. 



2 4d/5d relations for the J\f = 8 extremal black hole 
potential 

In this section we remind the reader how the M = 8 potential was derived in a basis that 
illustrates the relation between 4 and 5 dimensions [23]. 

Using known identities [HI EI], the black hole potential can be written as a quadratic 
form in terms of the charge vector Q and the symplectic 56 x 56 matrix Ai(M), related 
to the 4d vector kinetic matrix A/as 

Vbh = ~\q T M(N)Q, (2.1) 

where M. is 

/ Im/V + ReAT(ImA^)- 1 ReAT -ReMilmNy 1 \ 

M(N) = I . (2.2) 
V -(ImA/')- 1 ReA/' (ImAfy 1 J 

The indices A , S of A/as are now split as (0, /), according to the decomposition of 4<i 
charges with respect to 5d ones, thus Aas assumes the block form 



Mi 



AS 





M j 


M I0 


Mjj 



(2.3) 
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The kinetic matrix depends on the 70 scalars of the M = 8 theory, which are given, 
in the 5d/4d KK reduction, by the 42 scalars of the 5d theory (encoded in the 5c? vector 
kinetic matrix a>u = aji), by the 27 axions a 1 and the dilaton field e*. In a normalization 
that is suitable for comparison to M = 2 , it has the form 



Mi 



AS 





\ 


\d - i [e^au^a 3 + e 6<t> ) 


-\dj + ie 2 ^a KJ a K 


— \dj + ie 2rt> aiKa K 


du - ie^ajj 




I 



(2.4) 



where 



d = dijKd a a 



J „K 



dj = djjx& & 



du = djjKd 



K 



(2.5) 



The black hole potential of [33], computed from (12. ip using the above formulas, can 
be rearranged as 

Vbh = \ (pW) a LJ (pW) + \ (p°e^) 2 + \ (^V 3 ^) 2 + 

+~ (^"Vrf/) a IJ (ic-Vdj) + \ x 2 (VeS) Q/J (pV) + 

+~ x 2 (^°e- 3 ^ (-ip^-*) -1x2 QpPc-*d/) « /J je"*) + 

+i( e y) a/J (e V) + i Qe^djc) 2 + 

+~ (e^djc/) a 7J (e-VdjJ + 5 x 2 (q e^) (~ A~ 3 ^) + 

+1 x 2 (fcaV*) (^P ^) +^x2 (^e-*) a IJ Q^e"*) + 

-1 x 2 (g e- 3 ^) Q/d/e- 3 ^ -1x2 (oVe" 3 *) Q^e" 3 ^ + 

1 x 2 ( qi e-*) a IJ (p K d KJ e-*) + \ {q^f + 1x2 (q Q e^) (gjaV*) + 



2 

+ \(dia I e-^) 2 + l -(q I e-*)a IJ {q je -*) 



(2.6) 



with a IJ = cijj. This form shows that it can be written in terms of squares of electric 
and magnetic components as 



Vbh = \(Z e ) 2 + \ {Z° m ) 2 + \z\a lJ Z* + \z l m auZi 



(2.7) 
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provided one defines, 

Z e = e~ 3 % + e-^qja 1 + e'^p - ^e^p'dj , 
Z° m = e 3 V , 

Zf = \e"^p dj - p J d u e-* + qi e-* , 

Zl = eV - W . (2.8) 

In order to get the symplectic embedding of the four dimensional theory, we still need to 
complexify the central charges. To this end, we define the two complex vectors 

z = -L(z e + iz°j , 

Z a = ^=(Z e a +iZ^), (2.9) 



where 



such that 



Zt = ZKa- 1/2 )l , Z a m = Z'JaWy} (2.10) 



V BH = \Z \ 2 + Z a Z a , (2.11) 

where now a — 1, 27 is a flat index, which can be regarded as a USp(8) antisymmetric 
traceless matrix. 

The potential at the critical point gives the black hole entropy corresponding to the 
given solution, which in d — 4 reads 

— = V\h\=Vg£, (2.12) 

7T 

while in d = 5 it is [38J 

Sbh = 3 3/2| /3 |i/2 = ( 3V ^«) 3/4 , (2.13) 

7T 

where I4 and ^3 are the invariants of the M = 8 theory in d — 4 and d = 5 respectively. 
2.1 Symplectic sections 

In virtue of the previous discussion, we can trade the central charge fll.2l) for the 28- 
component vector 

Za = f\qA ~ h AA p A , (2.14) 
where / and h are symplectic sections satisfying the following properties 
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a) A/as = htAif-Yv , 



b) z(fth - htf) = Id , 

c) f T h - h T f = . 

Notice that one still has the freedom of a further transformation 

h^hM , 



(2.15) 



as it leaves invariant the vector kinetic matrix A/", as well as relations a) — c), when M is 
a unitary matrix 



MM f = 1 . 

Indeed, when the central charge transforms as 

Z ^ ZM , 
ZZ ] ZMM^Z ] = ZZ^ 



(2.16) 



the black hole potential 



V, 



BH 



ZZ^ 



(2.17) 



(2.18) 



is left invariant. In our case, we rearrange the 28 indices into a single complex vector index, 
to be identified, for a suitable choice of M, with the two-fold antisymmetric representation 
of SU(8), according to the decomposition 28 — > 27 + 1 of SU (8) — » U Sp(8); we thus have 

Zq = f A q\ - h A0 p A = 

= /°o<?o + foQj - h 00 p° - h J0 p J , 
Z a = f A a QA - h Aa p A = 

= falO + faU ~ h aP° ~ hj a p J ] 

(2.19) 



which, from the definition in ( 12. 9 p yields 



z _ 1 

°"7! 



e v g/(a 



-1/2\J 



-1/2x7 



— «e v a a 



-(e-%j(a-Vy a -ie*(a^)f)p J 



(2.20) 
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Thus we consider 



-30 



J A 



1 

71 



(2-21) 



e" 3 V 



e r a 



-V2U 



/ 



V2 



_ e -34>d _ ^g30 
6 



\ 



- l / 2 ) K a + ie^a K {a l / 2 ) K a 



(2.22) 



From f 



(/"V = V2 





\ 







-e<V(a 1/2 )/ 


e^a 1 / 2 )/ 




/ 



(2.23) 



by matrix multiplication, we find that relations a) b) and c) are fulfilled by f and h, that 
we now recognize to be the symplectic sections. 

We finally perform the transformation /' = f'M (where M = } f = /i _1 /i'), with M 
unitary matrix, in virtue of identities a), b) and c), valid for both (f,h) and (f',h f ). A 
model independent formula for M valid for any M = 2 d-geometry (in particular, for any 
truncation of Af = 8 to an Af = 2 geometry, such as the models treated in this paper) is 
given by the matrix |32] 



m = .1' 2 mg ■ 2 , 



(2.24) 



with 



.4 



/ 1 


0...0 \ 




( 1 


0...0 \ 
















1 






, G = 




9u 




) 




U 


) 





where M is given by 



M 



i djK 



(2.26) 
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where "—A 7 " are the imaginary parts of the complex moduli z 1 = a 1 — iX 1 , and K is 
the Kahler potential K = — ln(8V), with V = hdux \ I \ J \ K ; the matrix M satisfies the 
properties 

AMG '.U = /r/ , 

G^MUM = Id . (2.27) 

For the models considered below, this matrix M does indeed reproduce, for the given 
special configurations, the formula in eq. (14. Tj) . 

Note that M performs the change of basis between the central charges defined as 

Z = i=(Z e + iZ°J , 

Z/ = -^(21 + 101^), (2.28) 

and the special geometry charges (Z, T>jZ), that is the charges in "curved" rather than 
the "flat" indices. 

3 Attractors in the 5 dimensional theory 

It was shown in [23J that the cubic invariant of the five dimensions can be written as 

I 3 = Z(Z 5 2 Zl , (3.1) 

where Zf 's are related to the skew eigenvalues of the USp(8) central charge matrix in 
the normal frame 



e a b 



(zf + z^-zl o o o \ 

Zf + Zf - Z| 

o ^ z 5 2 +zl- Zf 

o ~ o -(zf + zi + zl)/ 



1 
-1 



(3.2) 



We consider a configuration of only three non- vanishing electric charges 93); that 

we can take all non-negative. We further confine to two moduli Ai,A2, describing a 
geodesic submanifold S0(1, l) 2 G E e ^/USp(8) whose special geometry is determined by 
the constraint 

^d IJK \ I \ J X K = A X A 2 A 3 = 1 , (3.3) 
where A = V~ 1 ^ 3 A / , defining the stu— model 
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The metric a/j, restricted to this surface, takes the diagonal form 

\ 



au 



d 2 



logVi 



v=i 



* 

if 







\\\\ 



<9AW 

y u u If = A I A 

and the five dimensional black hole potential for electric charges is3 

3 

V 5 e = qi a IJ qj = J2z!(q)Z!( q ), 



(3.4) 



(3.5) 



a=l 



withZ a 5 (g) 



-1/2\J 



a qi] the moduli at the attractor point of the 5-dimensional solution 



are (see eq. 4.4 and 4.7 of [29J) 



r l/3 



crit 



(3.6) 



and 



VT* = Slg^gsl 273 = 3/ 3 2/3 



7-2/3 
2 



with no sum over repeated indices. We find 



y5, crit 



rV3 



These relations also allow to connect the potential in (13. 5p 



v 5 = (z*y + {z 5 2 y + (z 

with the form given in terms of the central charges 
matrix 

1 



?5\2 



(3.7) 



(3.8) 



(3.9) 



5 y5( 



z° ab z 



where it is the trace of the square 



(3.10) 



// 3 1/3 e 



e a b 







The eigenvalues of Z^ b are written in ( 13. 2 p in terms of Zf , Z%, Z%. The 5d central charge 
matrix in the normal frame at the attractor point thus becomes 

\ 



J 3 /3 e 
\ 

which shows the breaking USp{8) — > USp(6) x USp(2). 



J 3 1/3 e 

o ipe 



(3.11) 



-3/ 3 1/3 e/ 



1 In an analogous way, the black hole potential for magnetic charges, V™ = 5Z a =l (p)^a (p)> * s 



obtained by replacing qj — > p 1 and a 



I J 



|,with^(p)=p J (o 1 /a) J « 
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4 Attractors in the 4 dimensional theory 



In this section we reconsider the attractor solutions found in [331 [29] and we reformulate 
them in terms of the present formalism based on central charges. We separately examine 
the three "axion free" configurations. 

4.1 Electric solution Q = (p° ,qi) 

Let us first compute the 4dim central charge for the electric charge configuration with 
vanishing axions; using (I2.20p we find 

Zo = ^e 3 V , Z a = ±=e-%{a-^y a . (4.1) 



The 4-dim potential is 



Vbh = \e~ 2 ^ + ^e 6 V) 2 , (4-2) 



(where <fi is connected to the volume used in ref.[2H] by the formula V = e 6 ^) and has the 
same critical points of the 5 dimensional potential, since 



e 



BH -0^-^ = 0, V 7 = 1,2. (4.3) 



OX 1 dX 1 

The attractor values of X 1 are still given by (13. 6p . while the <p field at the critical point is 



e*U = I 2 3 /3 ( P °r 2 ■ (4-4) 
This fixes the central charges at the attractor point to be 

Z attr = ^=\p°qiq2qs\ 1/4 sign(p°) = Z -\h\ 1/A sign(p°) , 

1 , T 1/3 1 

Z a attr = ^^V) 174 ^ = \\h\ 1/A , (4.5) 

where the quartic invariant is = — 4p gig2<?3- So we find 

Z crit = Z crit = Z crit = I|/ 4 |l/4 = Z ; Z ^t = 1|/ 4 |V4 s i gn (p°) = iZ . (4.6) 

Let us define the 4d central charge matrix as 

2Z AB = e AB - iZ°n , (4.7) 

where e A B is the matrix in ( 13. 2 j) in which, instead of Zf , Z| , Z| of the 5d theory, we now 
write the 4d Z a 7 s defined in (12.201) . it can be readily seen that for axion free solutions eq. 
( 14. 7p correctly gives 



VW = 5>,| 2 = l^o| 2 + El^| 2 (4i 
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where Zj's, for i = 1,..,4, are the (complex skew-diagonal) elements of Zab- We then 
have 



2Z 



AB 



( Ze \ 

Zt 



\ -3Ze / 



/ Z e \ 
Z e 
Z e 
\ Z e / 



f(Z + Z )e \ 

(Z + Z )e 
(Z + Z )e 

\ (-3Z + Z )e/ 



(4.9) 



Since (14. 5p and (14. 6 p yield that Z = \Z \, depending on the choice p° > or p° < 0, two 
different solutions arise. In fact, 



Z + Z = -)• Z AS 



/0 \ 



\ 2Z J 



(4.10) 



gives the |-BPS solution when p° < and shows SU(6) x SU (2) symmetry. Conversely, 



Z = Z -> Z 



/^o \ 
Z 
Z 

\ o o o -z j 



(4.11) 



is the non-BPS solution that corresponds to the choice p° > 0, with residual USp(8) 
symmetry. 



4.2 Magnetic solution Q = (pi,q 



This case is symmetric to the electric solution of Section 14.11 If we take all positive 
magnetic charges, then the cubic invariant is /3 = p 1 p 2 p 3 , the quartic invariant is I± = 
4qop 1 p 2 p 3 and the values of the critical 5d moduli are now (see eq. (5.3) of [29|) 



X 1 



V 

TVs 



(4.12) 



The central charges for this configuration are, from f)2.20p 

1 



Z = ^e- 3 *go , 



(4.13) 
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and the black hole potential is 



Vbh = \*»V? + \e-^{q,f 



(4.14) 



This gives the attractor value of the <fi field as 



801 _ 7-2/3/ x 2 
e \crit, — 1 3 [QO) ■ 



(4.15) 



At the attractor point (a^ t )jj = (X 1 ) and the magnetic central charges are 



7crit 



1 • ^/4|„jl/4 = l|j|l/4_ zZ 



y/2 



\Qo\ 



a = 1,2,3 . 



(4.16) 



We can then write the central charge matrix corresponding to the 27 representation in 
the normal frame as 



gab 



( Ze \ 

Ze 



\ -3Ze ) 



(4.17) 



To describe the four dimensional solution we need the electric central charge, that at the 
attractor point is 

1 



Z^ = ^=(J 3 )V4| ?0 |i/4 sign{qQ) = l -\ h \^ sl gn{q Q ) = Z . 



Then, using the definition fl4.7p the complete 4d central charge matrix is 



2Z 



AB 



/Ze \ 
Ze 
Ze 
\ -3Ze / 



/Z e \ 

Z e 

Z e 

\ Z e / 



/(Z-Zo)e 



>/2 



\ 

(Z-Z )e 
(Z - Z )e 

\ (-3Z - Z )e y 



(4.18) 



The sign(qo) determines whether the solution is supersymmetric or not. We may have 

g > -> Z = Z , 



J AB 



3 i7r/2 



/0 \ 




\ -2Z / 



(4.19) 
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which is a magnetic f-BPS solutions with SU (6) x SU{2) symmetry, or 

g < Z = -Z , 



J AB 



(4.20) 



f-Z Q \ 
-Z 
-Z 

V o o o z„/ 

which is the non-BPS solution with U Sp(8) symmetry. These solutions have the same Zq 
as the electric ones, but now the choice of positive go charge leads to the supersymmetric 
solution while the negative go charge gives the non-supersymmetric one, in contrast with 
what happened for the choice of p° in the electric case in eq. (14. lOj) and (14. lip . 



4.3 KK dyonic solution Q = (p , qo) 

This charge configuration also has vanishing axions, and the only non-zero charges give 



^ (4.21) 
J o = ^(e-^go + ze 3 ^ ) • 

Since none of the 5 dimensional charges are turned on, the four dimensional black hole 
potential is 

1 



Vi 



BH 



which is extremized at the horizon by the value of the <fi field 



^ I crit. 



qo 



(4.22) 



(4.23) 



We only focus on the case p° > and go > 0, since all the other choices are related to 
this by a duality rotation. Evaluating the central charge at the attractor point we find 

-l + i 



r/crit 
Z 



qo\ 



V2 



9o e 



i7r/4 



(4.24) 



Following the prescription in (14. 7p we find that at the attractor point 
IZab = — iZo^l = 





( 



V 



\p°q \e 
















\p°q \e 









\ 



(4.25) 



v^PgoTe/ 

that gives a non-BPS 4 dimensional black hole with I4 = —{p°qo) 2 - 

Note that eqs. ( 14. lip . (14.201) and (14.251) imply that the sum of the phases of the four 
complex skew entries is tt, as appropriate to a non-BPS M = 8 solution [17J. Also, in all 
cases, VbhIctU. = \Ah~\- 
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4.4 J\f = 8 and J\f = 2 attractive orbits at d = 5 and g? = 4 



We now compare the different interpretations in the Af = 8 and Af = 2 theories of the 
critical points of the very same black hole Ad potential, in terms of the axion-free electric 
solution (sec. 14. ip as discussed in this paper and in ref. [29J. 

Since the "normal frame" solution is common to all symmetric spaces (with rank 
three), it can be regarded as the generating solution of any model. So we confine our 
attention to the exceptional Af = 2 (octonionic) E^_ 2 5) model |39j which has a charge 
vector in 5d and Ad of the same dimension as in Af = 8 supergravity. At d = 5 the duality 
group is £?6(_26), with moduli space of vector multiplets -E , 6(-26) / Fi- 
ll is known [24"t 135] that in d = 5 there are two different charge orbits, 

0^ m = %S , (4.26) 
the BPS one, and the non BPS one 

Q M=2 _ E 6(-26) , ■ 

w d=5,non-BPS ~ 77 ' 
^4(-20) 

The latter one precisely corresponds to the non supersymmetric solution and to (++ — ), 

( +) signs of the q±, q 2 , g/ 3 , charges (implying dZ ^ 0). For charges of the same sign 

(+ + +), ( ) one has the |BPS solution (dZ = 0), as discussed in [29J. 

It is easy to see that in the M = 8 theory all these solutions just interchange Zi, Z 2 , Z 3 
and Z\ = SZ3 but always give a normal frame matrix of the form 



( Ze \ 
Ze 
Ze 
\ -3Ze J 



(4.28) 



which has USp(6) x U Sp(2) G ^4(4) as maximal symmetry. Another related observation 
is that while i?6(-26) contains both F4 and F^^o), so that one expects two orbits and 
two classes of solution, in the Af = 8 case i?6(6) contains only the non compact F 4 ( 4 ) , thus 
only one class of solutions is possible. 

These orbits and critical points at d = 5 have a further story when used to study the 
d — A critical points with axion free solutions as it is the case for the electric (p°, qi, q 2 , 93) 
configuration. Since in this case I4 = —Ap qiq 2 q3, in the Af = 8 case, once one choose 
Qli <?2, 93 > 0, the I4 > 0, p° < solution is BPS, while the I4 < 0, p° > is non BPS. 

Things again change in Af = 2 |37J, when now we consider the solution embedded in 
the Octonionic model with 4c? moduli space E 7 ^_ 2 ^/ E e x U(l). A new non BPS orbit in 
d = 4 is generated, corresponding to Z = (dZ ^ 0) solution, so three Ad orbits exist 
in this case depending whether the (+ + +) and (+ H — ) solutions are combined with 
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-p° § 0. So 



{+, + + +) is BPS with h > , O = 7{ ~ 25) , (4.29) 

#6 

E 

{-, - + +) is non BPS with J 4 > , = 7( ~ 25) , (4.30) 



^6 (-14) 



-EV(-25) 



(+, - + +) or (-, + + +) is non BPS with h < , = v ; . (4.31) 

-£'6(-26) 

5 Maurer-Cartan equations of the four dimensional 
theory 



Let us call Maurer-Cartan equations[16j those which give the derivative of the central 
charges (coset representatives) with respect to the moduli 0, a 1 , A\ Using ( 12. 8 p we have 

dsZ^ = —3Zq , d^Z^ = 3Z^ , 

d 6 Z\ = -Z\, d 4> Z I m = Z I m , (5.1) 

and 

9Zq -is rye 



e 



da 1 1 ' da 1 

In our notation the 5d metric ajj, (I, J = 1, .., 27) can also be rewritten with a pair of 
antisymmetric (traceless) indices 

a AE ,Ar = L ab A xL&rab i (5.3) 

where L ab ATi is the coset representative; in a fixed gauge (where a, b and A, S indices are 
identified) 

V = (a 1/2 )/ , (£/- = Lj a ) (5.4) 

The object P 4 = a 1,2 d i a- 1 ' 2 can be regarded as the Maurer-Cartan connection (see ref- 
erence [S2])- In fact, by reminding that Z e a = Zj(a~ 1 ' 2 ) I a , we have diZ e a = (did' 1 / 2 ) 1 a Zf 
( since d^Z\ = 0). Since we can also write 

d t z e a = fra-wyjiaWtfzt (5.5) 

we find that P i a b is such that 

^Z a e = ¥ ha b Z e b . (5.6) 
Notice that using P i a h = Q i a h + a b , we identify a connection which satisfies 

ViZZ = V a h ZS, (5.7) 

with Vi = di - Qi. 
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5.1 Attractor equations from Maurer-Cartan equations 

We can now use this formalism to write the attractor equations for the potential 

Vbh = \{Zlf + \{Z" m f + \zia IJ Z e j + \zlauZi . (5.8) 

By differentiating with respect to <p, a 1 , A*, we get 

d*V Ba = -3(Z e ) 2 + 3(Z°J 2 - Zfa IJ Z e j + Z l m a u Z J m = , (5.9) 

d a iV BH = e- 2 * [ZIZ\ - Z*a JK d 1KL Z L m - Z^jZ^} = , (5.10) 

d x ,V BH = d t V BH = X -Z\ d t a IJ Zj + X -Zl d t ajj Z J m = . (5.11) 

From fl5.10p we see that a solution with a 1 = implies 

d a iV BH \ aI=Q = = e- 2<t> [e" 4( W - qja JK d IKL p L - e^p°ajjp J ] = , (5.12) 

which is trivially satisfied if we set ^ (qo,p°) or (go,P 7 ) or (p°,qi). 

From (15. 9p we see that for an axion-free solution, if Zq, Z^ = 0, we get 

3(Z°J 2 = Z\a IJ Z* , (5.13) 

and if ajj is diagonal, I = J = 1, 2, 3, we obtain 

KZlf = (Ztfa u + (Z 2 e )V 2 + (Z 3 e )V 3 , (5.14) 



HI 



which is compatible with Z\ = Z\ = Z\ = ±Z£ 

The derivative with respect to the 5d moduli A\ i = 1, ..,42 for M = 8 theory, only 
receives contributions from the matrix ajj. Indeed since Zf, Z^ do not depend on the 



A 1 (see eq J2.8p . one finds 

diV, = = Z e j d ia IJ Z} + Zl d iaiJ Z J m . (5.15) 
By rewriting the charges multiplied by (a~ 1 ^ 2 ) I a and (a 1 / 2 )/ so that 

Z e a ee Z\ (a-Vy a , Z a m = Z^iy, , (5.16) 

we have 

diZ e a = Pj>Zi , P i>a 6 = dtia- 1 ' 2 ) 1 .^)!* , 

d.Zl = W« h Zl , = ^(a 1 / 3 )^^- 1 ^)^ , (5.17) 

where P° b = — F ib a since d^Z^Z^) = . Then we also have 

d^ZlZl) = Z e a (F ta b )Z e b = 

= Z a ¥ i: a b Z b = 

= Z e a F l(ab) Z e b =0 , (5.18) 
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and if we split F^ ab = Q { [a6 ] + Vi ( a b) , with 

^a-Qi,a-V ija b , (5.19) 

the critical condition implies 

d l (Z e Z e ) = Z e a V Hab) Z e b =0 , (5.20) 

and the analogue equation for magnetic charges 

d l (Z m Z m ) = Z? n V l(ab) Z b m = , (5.21) 

so that only the vielbein Vi^ ab enters in the equations of motion. 
The criticality condition on the potential of eq. (15.15P now gives 

diV B H = -> Z e a V i ab Z^ + Z^Vi,^Z b m = , (5.22) 

thus, for electric configurations {Z h m = 0) with a 1 = 0, 

Z a e VT% e = 0. (5.23) 

Comparing results of [38] with our formula? we see that V\, V2, V3, with V\ + Vi + V3 = 0, 
in the case where the metric ajj is diagonal, correspond to 

(a- 1/2 YA(a 1/2 )/ = (a-WyW)! = P/, = V t = V, 1 , (5.24) 

where {a^Yj = (a" 1 / 2 )', (a 1 / 2 )/ = (a 1 / 2 )/, / = 1,2,3, and using flU we find 





1 






1 

~T 2 



(5.25) 



Indeed 



V/ = , (5.26) 

i=l,2,3 

so, by using eq. (2.31)-(2.33) of ref. [38] one gets the desired result. In fact, using the 
definitions of P{ and P2 we get from the X 1 equations of motion 

^ZfV/Zf = 0, (5.27) 

which explicitly gives 

z\z\ - z\z\ = , 

ZlZl - Z\Z% = , (5.28) 
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whose solution, combined with eq. (I5.14p . gives 



Z\ = Z\ = Zl = ±Zl , (5.29) 



all the other sign choices being equivalent in the 5d theory. 



Acknowledgments 

A.C. and A.G. are glad to thank the CERN Theory Group for the kind hospitality 
during the final stages of this investigation. This work is supported in part by the ERC 
Advanced Grant no. 226455, 11 Super symmetry, Quantum Gravity and Gauge Fields" 
(SUPERFIELDS). The work of A. C. is partially supported by MIUR-PRIN contract 
20075ATT78, while the work of S. F. is partially supported in part by D.O.E. grant 
DE-FG03-91ER40662, Task C. 



References 

[1] E. Cremmer and B. Julia, "The SO(8) Supergravity," Nucl. Phys. B 159, 141 (1979). 

[2] E. Cremmer, "Supergravities In 5 Dimensions," Invited paper at the Nuffield Grav- 
ity Workshop, Cambridge, Eng., Jun 22 - Jul 12, 1980. Published in Cambridge 
Workshop 1980:267. 

[3] N. Arkani-Hamed, F. Cachazo and J. Kaplan, 'What is the Simplest Quantum Field 
Theory?," iarXiv:0808.1446l [hep-th]. 

[4] Z. Bern, J. J. M. Carrasco and H. Johansson, "Progress on Ultraviolet Finiteness of 
Supergravity," Invited talk at International School of Subnuclear Physics 2008: 46th 
Course: Predicted and Totally Unexpected in the Energy Frontier Opened by LHC, 
Erice, Italy, 29 Aug - 7 Sep 2008. larXiv:0902.3765l [hep-th]. 

[5] G. W. Gibbons and P. K. Townsend, "Vacuum interpolation in supergravity via 
super p-branes," Phys. Rev. Lett. 71, 3754 (1993) |arXiv:hep-th/9307049] . 

[6] M. J. Duff, R. R. Khuri and J. X. Lu, "String solitons," Phys. Rept. 259, 213 (1995) 
[arXiv:hep-th/9412184| . 

[7] S. Ferrara, R. Kallosh and A. Strominger, a Af— 2 extremal black holes", Phys. 
Rev. D 52, R5412 (1995), |arXiv:hep-th/9508072| ; A. Strominger, "Macro- 
scopic entropy of Af= 2 extremal black holes", Phys. Lett. B383, 39 (1996), 



19 



|arXiv:her>t h/9602111|; S. Ferrara and R. Kallosh, "Supersymmetry and attrac- 
tors", Phys. Rev. D 54, 1514 (1996), |arXiv:hep-th/9602136] ; S. Ferrara, G. W. 
Gibbons and R. Kallosh, "Black holes and critical points in moduli space", Nucl. 
Phys. B 500, 75 (1997), |arXiv:hep-th/9702103] . 

S. Ferrara and R. Kallosh, "Universality of Supersymmetric Attractors," Phys. Rev. 
D 54, 1525 (1996) [arXiv:hep-th/9603090] ; 

B. Bates and F. Denef, "Exact solutions for supersymmetric stationary black hole 
composites," |arXiv:hep-th/0304094| 



F. Denef and G. W. Moore, "Split states, entropy enigmas, holes and halos," 



arXiv:hep-th/0702146, 

H. Ooguri, A. Strominger and C. Vafa, "Black hole attractors and the topological 
string," Phys. Rev. D 70, 106007 (2004) |arXiv:hep-th/0405146] . 

see for instance A. Sen, "Black Hole Entropy Function, Attractors and Precision 
Counting of Microstates," Gen. Rel. Grav. 40, 2249 (2008) jarXiv: 0708 .12701 [hep- 

th]]. 

M. Cvetic and D. Youm, "BPS saturated dyonic black holes of N = 8 supergravity 
vacua," Nucl. Phys. Proc. Suppl. 46, 56 (1996) |arXiv:hep-th/95 10098] . 

R. R. Khuri and T. Ortin, "Supersymmetric Black Holes in N=8 Supergravity," 
Nucl. Phys. B 467, 355 (1996) |arXiv:hep-th/9512177] . 

G. Arcioni, A. Ceresole, F. Cordaro, R. D'Auria, P. Fre, L. Gualtieri and M. Tri- 
giante, "N = 8 BPS black holes with 1/2 or 1/4 supersymmetry and solvable Lie 
algebra decompositions," Nucl. Phys. B 542, 273 (1999) [ arXiv:hep-th/9807136] . 

L. Andrianopoli, R. D'Auria and S. Ferrara, "U-duality and central charges in various 
dimensions revisited," Int. J. Mod. Phys. A 13, 431 (1998) |arXiv:hep-th/9612105] . 

S. Ferrara and R. Kallosh, "On N = 8 attractors", Phys. Rev. D 73 (2006) 125005 
|arXiv:hep-th/0603247] . 

D. Shih, A. Strominger and X. Yin, "Counting dyons in N = 8 string theory," JHEP 
0606, 037 (2006) larXiv:hep-th/0506151] . 

S. Ferrara, E. G. Gimon and R. Kallosh, "Magic supergravities, M = 8 and black 
hole composites", Phys. Rev. D 74 (2006) 125018 |arXiv:hep-th/0606211] . 

A. Sen, "N=8 Dyon Partition Function and Walls of Marginal Stability," JHEP 
0807, 118 (2008) |arXiv:0803.10T4l [hep-th]]. 



20 



[21] L. Andrianopoli, R. D'Auria, S. Ferrara and M. Trigiante, "Extremal black holes in 
supergravity," Lect. Notes Phys. 737, 661 (2008) |arXiv:hep-th/0611345] . 



[22 
[23 

[24 

[25 

[26 

[27; 

[28 
[29 

[30 

[31 
[32 

[33 

[34 

[35 



A. Sen, "Arithmetic of N=8 Black Holes," larXiv: 0908.0039 [hep-th]. 

S. Ferrara and J. M. Maldacena, "Branes, central charges and [/-duality invariant 
BPS conditions", Class. Quant. Grav. 15, 749 (1998) [arXiv:hep-th/9706097] . 

S. Ferrara and M. Giinaydin, "Orbits of exceptional groups, duality and BPS states 
in string theory", Int. J. Mod. Phys. A 13 (1998) 2075 |arXiv:hep-th79708025|. 



E. Cartan, "Oeuvres Completes", (Editions du Centre National de la Recherche 
Scientifique, Paris, 1984). 

R. Kallosh and B. Kol, £7(7) "Symmetric Area of the Black Hole Horizon", Phys. 
Rev. D 53 (1996) R5344 |arXiv : hep-th/ 96 02 014| . 

C. M. Hull and P. K. Townsend, "Unity of superstring dualities" , Nucl. Phys. B 438, 
109 (1995) larXiv:hep-th/9410167] . 

H. Lu, C. N. Pope and K. S. Stelle, "Multiplet structures of BPS solitons," Class. 
Quant. Grav. 15, 537 (1998) larXiv:hep-th/19708109 ]. 

A. Ceresole, S. Ferrara and A. Marrani, u 4d/5d Correspondence for the Black 
Hole Potential and its Critical Points" , Class. Quant. Grav. 24, 5651 (2007), 
larXiv:0707.0964l [hep-th]. 

L. Andrianopoli, R. D'Auria, S. Ferrara and M. A. Lledo, "Gauging of flat groups 
in four dimensional supergravity", JHEP 0207 (2002) 010 |arXiv:hep-th/0203206] . 

B. de Wit and H. Nicolai, u Af = 8 Supergravity", Nucl. Phys. B 208 (1982) 323. 

E. Sezgin and P. van Nieuwenhuizen, "Renormalizability Properties Of Sponta- 
neously Broken M = 8 Supergravity", Nucl. Phys. B 195 (1982) 325. 

A. Ceresole, S. Ferrara, A. Gnecchi and A. Marrani, "More on N=8 Attractors," 
larXiv:09 04.4506 [hep-th], to appear on Phys. Rev. D. 

A. Ceresole, R. D'Auria and S. Ferrara, "The Symplectic Structure of iV = 2 
Supergravity and Its Central Extension", Nucl. Phys. Proc. Suppl. 46 (1996), 
|arXiv:hep-th/9509160] . 

S. Ferrara and M. Giinaydin, "Orbits and attractors for M = 2 Maxwell- 
Einstein supergravity theories in five dimensions", Nucl. Phys. B 759 (2006) 1 
|arXiv:hep-th/0606108] . 



21 



[36] R. D'Auria, S. Ferrara and M. A. Lledo, "On central charges and Hamiltonians for 
0-brane dynamics," Phys. Rev. D 60, 084007 (1999) [arXiv:hep-th/9903089] . 

[37] S. Bellucci, S. Ferrara, M. Giinaydin and A. Marrani, "Charge orbits of sym- 
metric special geometries and attractors", Int. J. Mod. Phys. A 21 (2006) 5043 
|arXiv:hep-th/0606209] . 

[38] L. Andrianopoli, R. D'Auria and S. Ferrara, "Five dimensional [/-duality, 
black-hole entropy and topological invariants", Phys. Lett. B 411, 39 (1997) 
|arXiv:hep-th/970502"4] . 

[39] M. Gunaydin, G. Sierra and P. K. Townsend, "The Geometry Of N=2 Maxwell- 
Einstein Supergravity And Jordan Algebras," Nucl. Phys. B 242, 244 (1984). 

[40] M. K. Gaillard and B. Zumino, "Duality Rotations For Interacting Fields," Nucl. 
Phys. B 193 (1981) 221. 

[41] P. Aschieri, S. Ferrara and B. Zumino, "Duality Rotations in Nonlinear Electrody- 
namics and in Extended Supergravity," Riv. Nuovo Cim. 31, 625 (2009) [Riv. Nuovo 
Cim. 031, 625 (2008)] [ arXiv:0807.4039l [hep-th]]. 

[42] A. Ceresole, S. Ferrara and A. Gnecchi, in preparation. 



22 



